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ON THE RELATION BETWEEN NON-HOMOGENEOUS
FRACTIONAL BURGERS EQUATIONS AND TIME-DEPENDENT
HARMONIC OSCILLATOR.
P. ARTALE HARRIS1, R. DROGHEI2, R. GARRA3, AND E. SALUSTI4
Abstract. In this paper we discuss the relation between non-homogeneous nonlinear
fractional diffusive equations and the Schro¨dinger equation with time-dependent har-
monic potential. It is well known that the Cole-Hopf transformation allows to linearize
non-homogeneous nonlinear diffusive equations (NHNDEs) into a Schro¨dinger-type equa-
tion with time-dependent potential. We first discuss the utility of the results about
time-dependent harmonic oscillator to build explicit solutions of such non-homogeneous
nonlinear partial differential equations. In particular, we recall that starting from a trial
polynomial solution of the NHNDE, it is possible to construct other solutions by using
linear invariants of the Schro¨dinger equation with time-dependent potential. Finally
we apply these results to find explicit solutions to a novel non-homogeneous fractional
Burgers-type equation.
1. Introduction
One of the most known example of linearizable nonlinear partial differential equations is
the classical Burgers equation, firstly introduced by J.M Burgers in 1948 in the framework
of the theory of turbulence [1]. In recent years several studies have been devoted to
the analysis of different generalizations of Burgers-type equations. In particular, two
kind of generalizations have been widely studied in literature: non-homogeneous Burgers
equation and generalized Burgers equation with time-dependent viscosity and drift. In
the framework of non-homogeneous Burgers equations, Rao and Yadav [2] considered the
following equation
(1.1)
∂u
∂t
+ u
∂u
∂x
− ∂
2u
∂x2
=
kx
(2βt + 1)2
, x ∈ R, t > 0,
subject to some unbounded initial conditions. The solutions of (1.1) are expressed in
terms of the self-similar solutions of a linear partial differential equation with variable
coefficients. In this way the large time behavior of the solutions is obtained. A similar
equation was considered by Eule and Friedrich [3] with a more general non-homogeneous
term, again linear in space. More recently, exact solutions of forced Burgers equation
with time-variable coefficients have been discussed by Buyukasik and Pashaev in [4]. In
[5], Darboux transformations have been applied to the time-dependent non-homogeneous
Burgers equation, in relation with the Schro¨dinger equation. Finally an interesting relation
between the Burgers equation with elastic forcing and the Ornstein-Uhlenbeck process was
pointed out in [6].
In the framework of generalized Burgers equation with time-dependent viscosity, Rao
and Satyanarayana in [7] discussed the large-time asymptotics for solutions of Burgers
equation with variable viscosity related to nonlinear acoustics. Vaganan and Jeyalakshmi
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[8] considered the following more general Burgers equations with linear damping and
variable viscosity
(1.2)
∂u
∂t
+ u
∂u
∂x
− ∆(t)
2
∂2u
∂x2
+ αu = 0, α > 0,
discussing its relation with several linear parabolic equations. In this paper the authors
discuss conditions on the viscosity time-dependence ∆(t) for which (1.2) is linearizable.
Here we consider the following non-homogeneous nonlinear diffusive equation (NHNDE)
(1.3)
∂u
∂t
+
(
∂u
∂x
)2
− ∂
2u
∂x2
= V (x, t).
This NHNDE is widely used in different fields of applied sciences. For example similar
nonlinear diffusive equations arise in the analysis of the propagation of nonlinear waves in
porous media (see e.g. [9] and references therein). It is easy to show that such equation is
related to the non-homogeneous Burgers equation. Indeed it suffices to differentiate both
sides in (1.3) in order to obtain
(1.4)
∂
∂t
∂u
∂x
+ 2
∂u
∂x
∂2u
∂x2
− ∂
3u
∂x3
=
∂V (x, t)
∂x
,
that coincides with the non-homogeneous Burgers equation for f(x, t) = ∂u∂x .
For a suitable non-homogeneous term V (x, t) (see (2.4) behind), we discuss the rela-
tion between NHNDE and time-dependent harmonic oscillator. In more detail we un-
derline the utility to apply known results about Hamiltonian invariants of the time-
dependent harmonic oscillator in order to construct exact solutions of NHNDEs, starting
from polynomial-type trial solutions. This approach can be applied to handle more general
NHNDE with variable viscosity of the form
(1.5)
∂u
∂t
+
(
∂u
∂x
)2
− 1
2m(t)
∂2u
∂x2
= V (x, t),
under suitable conditions on the given functions V (x, t) and m(t).
The aim of this paper is to apply these results to solve a novel class of non-homogeneous
nonlinear nonlocal diffusive equations, that is
∂u
∂t
+
∂α
∂xα
[(
∂1−αu
∂x1−α
)2
− ∂
2
∂x2
∫ x
0
(x− x′)α−1
Γ(α)
u(x′)dx′
]
= −k(t)x
2−α
Γ(3− α) ,(1.6)
where
(1.7)
∫ x
0
(x− x′)α−1
Γ(α)
u(x′, t)dx′ = Jαx u(x, t),
is the Riemann-Liouville fractional integral of order α ∈ (0, 1] and
(1.8)
∂α
∂xα
u(x, t) =
1
Γ(1− α)
∫ x
0
(x− x′)−α ∂
∂x′
u(x′, t)dx′,
is the Caputo fractional derivative with respect to x-variable (see e.g. [17, 16] and Appen-
dix A for more details). This is a slight modification of the Burgers equation considered
by Miskinis in [14, 15]. As far as we know, this is the unique case discussed in literature,
where a nonlinear nonlocal differential equation can be reduced to the linear heat equation
by means of a generalized Cole-Hopf transform. We remark that equation (1.6) for α = 1
is the Burgers equation with elastic forcing. Even if this formulation of fractional Burgers
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equation seems to be in some way artificial, it has the great advantage and interest to
couple nonlinear and nonlocal effects in the dynamics.
The paper is organized as follows. In sections 2 and 3 we discuss the relations between
non-homogeneous nonlinear diffusion equations and time-dependent harmonic oscillator,
showing the utility of invariant analysis to find explicit solutions. In section 4 we apply
the discussed results to solve a non-homogeneous fractional Burgers-type equation.
2. Relations between non-homogeneous nonlinear diffusion equations and
time-dependent harmonic oscillator
Let us consider the NHNDE
(2.1)
∂u
∂t
+
(
∂u
∂x
)2
− ∂
2u
∂x2
= V (x, t).
In order to linearize the previous equation we use the Cole-Hopf transformation
(2.2) u(x, t) = − logψ(x, t).
By substituting (2.2) in (2.1), we obtain
(2.3)
∂ψ
∂t
− ∂
2ψ
∂x2
= −V (x, t)ψ.
From now on, we assume that
(2.4) V (x, t) =
1
4
ω2k(t)~2x2,
and with the transformation
τ = i~t,
ξ = i~√
2m
x,(2.5)
the Schro¨dinger equation with time-dependent harmonic potential is obtained
(2.6) i~
∂ψ
∂τ
= − ~
2
2m
∂2ψ
∂ξ2
+
1
2
mω2ξ2k(τ)ψ.
We will now follow the argument of Salusti and Zirilli in [10], where in particular the
authors have proven that a trial solution for (2.6) of the form
(2.7) ψ(ξ, τ) = exp
[
i
2~
(a(τ)ξ2 + 2b(τ)ξ + c(τ))
]
can be obtained. This leads to the following system

a˙ = − 1ma2 −mω2k
b˙ = − 1mab
c˙ = i~ma− 1mb2.
(2.8)
Going back to the original problem, i.e. by using the transformation (2.2), we obtain a
solution of the non-homogeneous nonlinear diffusion equation (2.1) in the form
(2.9) u(ξ, τ) =
i
2~
(a(τ)ξ2 + 2b(τ)ξ + c(τ)),
and finally, going back to the original variables (x, t), we have a polynomial solution of
equation (2.1). The existence of this kind of solutions with separate variables is not sur-
prising. Indeed the same relation can be obtained from the Invariant Subspace Method,
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introduced by Galaktionov [11], which allows to solve exactly nonlinear equations by sep-
arating variables.
We recall the main idea of this method: consider a scalar evolution equation
(2.10)
∂u
∂t
= F
[
u,
∂u
∂x
, . . .
]
,
where u = u(x, t) and F [·] is a nonlinear differential operator. Given n linearly independent
functions
f1(x), f2(x), ...., fn(x),
we call Wn the n-dimensional linear space
Wn = 〈f1(x), ...., fn(x)〉.
This space is called invariant under the given operator F [u], if F [y] ∈Wn for any y ∈Wn.
This means that there exist n functions Φ1,Φ2, ...,Φn such that
F [C1f1(x) + ......Cnfn(x)] = Φ1(C1, ...., Cn)f1(x) + ......+Φn(C1, ...., Cn)fn(x),
where C1, C2, ....., Cn are arbitrary constants.
Once the set of functions fi(x) that form the invariant subspace has been determined, we
can search an exact solution of (2.10) in the invariant subspace in the form
(2.11) u(x, t) =
n∑
i=1
ui(t)fi(x).
where fi(x) ∈Wn. In this way, we arrive to a system of ODEs. In many cases, this problem
is simpler than the original one and allows to find exact solutions by just separating
variables [11].
We can now show by direct calculations that (2.1) admits W3 = 〈1, x, x2〉 as invariant
subspace. Indeed, we have that
(2.12) F
[
u,
∂u
∂x
, x, t
]
= −
(
∂u
∂x
)2
+
∂2u
∂x2
− 1
4
ω2k(t)~2x2,
so that
(2.13) F [c1x
2 + c2x+ c3] = −4c21x2 − c22 − 4c1c2x+ 2c1 −
1
4
ω2k(t)~2x2,
as claimed.
2.1. Linear Invariants. In the algebraic approach, we want to find an operator Aˆ(t) such
that, if ψ(x, t) is a solution of equation (2.3), also Aˆψ(x, t) is a solution. Recalling that
(2.6), is related to the Hamiltonian
(2.14) Hˆ = − ~
2
2m
∂2
∂ξ2
+
1
2
mω2k(t)ξ2,
we want to determine an operator Aˆ such that
(2.15) i~
∂
∂t
Aˆψ(x, t) = HˆAˆψ(x, t).
The definition of invariants, according to (2.15), was firstly introduced by Lewis and Riesen-
feld in [12] and gave rise to a number of papers devoted to the analysis and application
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of the Schro¨dinger equation with time-dependent harmonic potential. This requirement
leads to the following equation (see e.g. [10])
(2.16) i~
˙ˆ
A = [Hˆ, Aˆ].
Salusti and Zirilli have shown that the Ansatz
(2.17) Aˆ = α(t)x+ β(t)
∂
∂x
+ γ(t)
satisfies equation (2.16). This argument leads to the system

i~α˙ = −mω2kβ
i~β˙ = −~2mα
γ˙ = 0.
(2.18)
We can decouple system (2.18) by deriving the second equation with respect to t and, by
substitution, we obtain
(2.19) β¨ = −k(t)ω2β,
that is a time-dependent harmonic oscillator.
We conclude that, once fixed the function k(t) in (2.6), we can solve equation (2.19) and
thus by (2.18), we obtain the explicit form of the operator Aˆ. Finally we can find other
solutions to the non-homogeneous nonlinear (2.1). We remark that this procedure can
be applied in an iterative way to construct a family of exact solutions starting from the
simple polynomial one.
For instance by taking k(t) = t, we can find an explicit solution in terms of a cumbersome
combination of Airy functions, as can be seen by using simple mathematical routines.
3. Non-homogeneous nonlinear diffusive equation with variable
coefficients
We now consider the equation
(3.1)
∂u
∂t
+
(
∂u
∂x
)2
− 1
2m(t)
∂2u
∂x2
= V (x, t),
where V (x, t) has the form
(3.2) V (x, t) =
1
4
ω2m(t)k(t)~2x2,
and m(t) is a time-dependent ”good” function. This equation is strictly related to the one
studied in [4]. Indeed it can be reduced to the Burgers equation with variable coefficients
and elastic forcing with time-dependent elasticity.
By using again the transformation
(3.3) u(x, t) = − logψ(x, t),
we get
(3.4)
∂ψ
∂t
− 1
2m(t)
∂2ψ
∂x2
= −1
4
ω2m(t)k(t)~2x2ψ.
Using the transformation
τ = i~t,
ξ = i~x,(3.5)
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we obtain in this case, the Schro¨dinger equation with time-dependent harmonic potential
and variable in time masses, that is
(3.6) i~
∂ψ
∂τ
= − ~
2
2m(t)
∂2ψ
∂ξ2
+
1
2
m(t)ω2ξ2k(τ)ψ.
Also in this case, we can find an explicit solution by using the Gaussian Ansatz
(3.7) ψ(ξ, τ) = exp
[
i
2~
(a(τ)ξ2 + 2b(τ)ξ + c(τ))
]
.
In this case we find by substitution, that the functions a(τ), b(τ) and c(τ) must satisfy
the following system of ODEs 

a˙ = − 1ma2 −mω2k
b˙ = − 1mab
c˙ = i~ma− 1mb2.
(3.8)
This leads to find a polynomial solution to the original problem (3.1). We now apply the
result discussed by Bassetti et al. [13] in order to find also in this case other solutions
starting from the basic polynomial one. In this case the linear invariant of the form
(3.9) Aˆ = α(t)x+ β(t)
∂
∂x
+ γ(t)
leads to the system 

i~α˙ = −m(t)ω2k(t)β(t)
i~β˙ = − ~2m(t)α(t)
γ˙ = 0.
(3.10)
By decoupling system (3.10), we obtain
(3.11)
1
2m(t)
d
dt
(
β(t)− 1
2m(t)
d
dt
β(t)
)
+
ω2β(t)k(t)
4m(t)
= 0
In this case the study is more complicated, because of the time-dependence of mass and
elasticity. However once fixed the form of these functions, it is possible to find a general
solution by using the invariants as in the previous section.
4. The non-homogeneous nonlinear fractional diffusive equation
As mentioned in the introduction, we now apply the results discussed in the previous
sections in order to solve the following non-homogeneous nonlinear fractional Burgers
equation
∂u
∂t
+
∂α
∂xα
[(
∂1−αu
∂x1−α
)2
− ∂
2
∂x2
Jαx u
]
= −k(t)x
2−α
Γ(3− α) ,(4.1)
where the fractional derivatives are in the sense of Caputo (see Appendix A) and α ∈
(0, 1]. For α = 1 this is the Burgers equation with elastic forcing. We study a class of
explicit solutions of this equation, considering the problem in the semi-line x ≥ 0 with an
appropriate boundary condition in x = 0 that will be discussed in what follows. Note that
the in the right hand side term we can write
k(t)
2
∂αx2
∂xα
=
k(t)x2−α
Γ(3− α)(4.2)
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so that equation (4.1) becomes
∂u
∂t
+
∂α
∂xα
[(
∂1−αu
∂x1−α
)2
− ∂
α
∂xα
∂2
∂x2
Jαx u+
1
2
k(t)x2
]
= 0.(4.3)
Now consider the following Cole-Hopf transoformation
u(x, t) = − ∂
α
∂xα
logψ(x, t).(4.4)
We now observe that, by definition of Caputo and Riemann-Liouville fractional derivatives,
the following equality holds
(4.5)
∂1−α
∂x1−α
∂αu
∂xα
= Jαx
∂
∂x
J1−αx
∂u
∂x
= Jαx
R∂
∂xα
∂u
∂x
.
Moreover it can be proved that
(4.6) Jαx
R∂
∂xα
u(x, t) = u(x, t)− u(0, t), α ∈ (0, 1], x > 0
Considering these preliminaries, we now assume that lnψ(x, t)
∣∣∣∣
x=0
= ∂x lnψ(x, t)
∣∣∣∣
x=0
= 0.
This is equivalent to take u(0, t) = 0 as boundary condition. Under these assumption, we
have
∂α
∂xα
[
−∂tψ
ψ
+
(
∂xψ
ψ
)2
−
(
∂xψ
ψ
)2
+
∂xxψ
ψ
]
= −1
2
k(t)
∂αx2
∂xα
,(4.7)
thus,
∂α
∂xα
[
−∂tψ
ψ
+
∂xxψ
ψ
+
1
2
k(t)x2
]
= 0.(4.8)
This means that
∂tψ
ψ
− ∂xxψ
ψ
− 1
2
k(t)x2 = f(t).(4.9)
Now, suppose f(t) = 0, we arrive to the following equation
∂tψ
ψ
− ∂xxψ
ψ
=
1
2
k(t)x2(4.10)
that is the analogous of equation (2.3). This means that we can apply exactly the same
reasoning discussed in the previous sections in order to construct exact solutions for the
equation (4.1) starting from a polynomial trial solution. Indeed, we can start again from
the Gaussian ansatz
ψ(x, t) = exp[a(t)x2 + b(t)x+ c(t)],(4.11)
as a trial solution for (4.10). Then, by using (4.4) we obtain the following solution of
equation (4.3)
u(x, t) = − ∂
α
∂xα
(a(t)x2 + b(t)x+ c(t))
= −
(
b(t)x1−α
Γ(2− α) +
2a(t)x2−α
Γ(3− α)
)
,(4.12)
where a(t) and b(t) satsify the following system of differential equations
a˙ = 4a2 + k(t)2 ,(4.13)
8 P. ARTALE HARRIS1, R. DROGHEI2, R. GARRA3, AND E. SALUSTI4
b˙ = 4ab,
whose solutions clearly depend by the particular choice of k(t). Then, by using again the
relations with the time-dependent Schro¨dinger equation and the analysis of invariants, it
is possible to find other explicit solutions starting from (4.12).
We finally observe that the solution (4.12) corresponds to the fact that the equation (4.1)
admits as invariant subspace W2 = 〈x1−α, x2−α〉, for all α ∈ (0, 1].
4.1. The case k(t) = t. We solve the system of differential equations (4.13) considering
the particular choice k(t) = t. The first equation of the system become:
(4.14) a˙ = 4a2 +
t
2
that is a Special Riccati equation with solution
(4.15) a(t) =
1
4
φ˙(t)
φ(t)
where
(4.16) φ(t) =
√
t[C1J1/3(
2
√
2
3
t) + C2Y1/3(
2
√
2
3
t)],
where Jν(t) and Yν(t) are the Bessel functions of the first and second kind, respectively .
From the second equation of the system and (4.15), we obtain
(4.17)
b˙
b
=
φ˙
φ
,
namely:
(4.18) b(t) = φ(t) + C3.
5. Conclusions
In this paper we have discussed a conceptual link between the construction of exact so-
lutions to the Schro¨dinger equation with time-dependent harmonic potential by means of
the invariants of the related Hamiltonian and the problem to construct exact solutions
to nonlinear non homogeneous diffusive equations. Here we consider for simplicity the
construction of solutions by using linear invariants, but following our ideas there is a
bridge between the numerous results about Time-Dependent Harmonic Oscillator and the
solution of nonlinear diffusive equation with a fixed non-homogeneous term.
Appendix A.
In this section we recall main definitions and properties of fractional calculus operators
Let γ ∈ R+. The Riemann-Liouville fractional integral is defined by
(A.1) Jγx f(t) =
1
Γ(γ)
∫ x
0
(x− x′)γ−1f(x′)dx′,
where
Γ(γ) =
∫ +∞
0
xγ−1e−xdx,
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is the Euler Gamma function.
Note that, by definition, J0xf(t) = f(t).
Moreover it satisfies the semigroup property, i.e. Jαx J
β
x f(t) = J
α+β
x f(t).
There are different definitions of fractional derivative (see e.g. [17]). In this paper we used
the fractional derivatives in the sense of Caputo, that is
(A.2) Dγxf(x) = J
m−γ
x D
m
x f(x) =
1
Γ(m− γ)
∫ x
0
(x− x′)m−γ−1 d
m
d(x′)m
f(x′) dx′, γ 6= m.
It is simple to prove the following properties of fractional derivatives and integrals (see e.g.
[?]) that will be used in the analysis:
DγxJ
γ
xf(x) = f(x), γ > 0,(A.3)
JγxD
γ
xf(x) = f(x)−
m−1∑
k=0
f (k)(0)
xk
k!
, γ > 0, x > 0,(A.4)
Jγxx
δ =
Γ(δ + 1)
Γ(δ + γ + 1)
xδ+γ γ > 0, δ > −1, t > 0,(A.5)
Dγxx
δ =
Γ(δ + 1)
Γ(δ − γ + 1)x
δ−γ γ > 0, δ > −1, t > 0.(A.6)
References
[1] J.M. Burgers, A Mathematical Model Illustrating the Theory of Turbulence, Advances in Applied
Mechanics, 1, 171-199, (1948)
[2] Ch. S. Rao and M. K. Yadav, Solutions of a Nonhomogeneous Burgers Equation, Studies in Applied
Mathematics, 124:411–422 (2010)
[3] S. Eule, R. Friedrich, A note on the forced Burgers equation, Physics Letters A, 351, 238–241, (2006)
[4] S.A. Buyukasik, O.K. Pashaev, Exact solutions of forced Burgers equations with time variable coeffi-
cients, Commun Nonlinear Sci Numer Simulat, 18, 1635–1651, (2013)
[5] A. Schulze-Halberg, J.M. Carballo Jimenez, Darboux transformations for the time-dependent nonho-
mogeneous Burgers equation in (1 + 1) dimensions, Physica Scripta, 80, 065014, (2009)
[6] E. Moreau, O. Valle´e , Connection between the Burgers equation with an elastic forcing term and a
stochastic process, Phys. Rev. E, 73, 016112, (2006)
[7] C.S. Rao and E. Satyanarayana, Large-Time Asymptotics for Solutions of a Generalized Burgers
Equation with Variable Viscosity, Studies in Applied Mathematics, 127:1–3, (2011)
[8] B. M. Vaganan and T. Jeyalakshmi, Generalized Burgers Equations Transformable to the Burgers
Equation, Studies in Applied Mathematics, 127:211–220, (2011)
[9] A. Merlani, E. Salusti, G. Violini, Non-linear waves of fluid pressure and contaminant density in
swelling shales, Journal of Petroleum Science and Engineering, 79(1–2), 1–9, (2011)
[10] E. Salusti and F. Zirilli, On the Time-Dependent Harmonic Oscillator, Lettere al Nuovo Cimento,
IV(21), 999-1003, (1970)
[11] V. Galaktionov, and S. Svirshchevskii, Exact solutions and invariant subspaces of nonlinear partial
differential equations in mechanics and physics, Chapman and Hall/CRC applied mathematics and
nonlinear science series, (2007)
[12] H. R. Lewis Jr. and W. B. Riesenfeld, An Exact Quantum Theory of the Time-Dependent Harmonic
Oscillator and of a Charged Particle in a Time-Dependent Electromagnetic Field, Journal of Mathe-
matical Physics, 10, 1458 (1969); doi: 10.1063/1.1664991
[13] B. Bassetti, E. Montaldi, M. Raciti, Some remarks on the Time-Dependent Harmonic Oscillator,
Lettere al Nuovo Cimento, 33(14), 469–474 (1982)
[14] P.Miskinis, Some properties of fractional Burgers equation, Math. Model. Anal., 7(1), 151–58, (2002)
[15] P.Miskinis, A generalization of the Hopf-Cole transformation, SIGMA, 9, Paper 016, 19 pp, (2013)
[16] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo. Theory and Applications of Fractional Differential
Equations. Elsevier Science, 2006.
[17] I. Podlubny, Fractional Differential Equations, Academic Press, New York, (1999)
10 P. ARTALE HARRIS1, R. DROGHEI2, R. GARRA3, AND E. SALUSTI4
1 Istituto Nazionale di Geofisica e Vulcanologia, Roma.
2IIS-Ceccano, Via Gaeta, 105, 03023 Ceccano FR.
3Dipartimento di Scienze Statistiche, “Sapienza” Universita` di Roma.
4 CNR-ISMAR, Via Fosso del Cavaliere 100, 00133 Roma.
